The stability of a discrete-time predator-prey system with and without Allee effect is investigated in this paper. By analyzing both systems, we first obtain local stability conditions of the fixed points without the Allee effect and then exhibit the impact of the Allee effect on stability when it is imposed on prey population. The theoretical analysis and numerical simulations show that the Allee effect has a destabilizing force on the local stability of the positive fixed point of this system. Mathematics Subject Classification: 37N25, 65P40
Introduction
Studying the stability of population dynamic has been an active research area for a long time. Most dynamic population models are described by the differential and difference equations. Actually discrete-time models described are more reasonable than the continuous-time models when populations have non-overlapping generations. Moreover, using discrete-time models can also provide more efficient computational models for numerical simulations and these results reveal far richer dynamical behaviors of the discrete-time models compared to the continuous ones [4] .
Allee effect is a phenomenon in population dynamics attributed to the biologist Allee [1] . It describes a positive correlation between population density (size) and the per capita population growth rate in small populations. Allee effect has a significant impact on population dynamics and persistence, which can be cased by difficulties in finding mate and predator avoidance or defense [2] . There has been a renewed interest in Allee effect recently and some of the relevant work may be found in [5, 6, 7, 8, 9] .
However, a few papers have addressed the Allee effect with focus on the stability of discrete-time predator-prey systems. For example, the stability of a discrete-time predator-prey system was studied in [6] and [9] , in which they showed the stabilizing effect of Allee effect.
The main aim of this paper is to investigate the stability of a discrete-time predator-prey system with and without Allee effect. We consider the following system in [3] :
where x and y represent population densities of a prey and a predator, respectively, and r, b, d are positive parameters.
Stability analysis of system
Let u = x and v = by, then the system (1) is converted to
For simplicity, we will still use x and y instead of u and v, thus the system (1) can be rewritten as:
Below we consider the above modified system (2). It is clear that the fixed points of system (2) satisfy the following equations:
By simple computation, we get that the system (2) has one extinction fixed point (0, 0), one exclusion fixed point ( r−1 r , 0), and one coexistence fixed point (x * , y * ) = (
). Thus (x * , y * ) is the unique positive fixed point of system (2). Now we study the stability of these fixed points.
For the fixed point (0, 0), the corresponding characteristic equation is λ 2 − rλ = 0 and its roots are λ 1 = 0 and λ 2 = r. Hence, (0, 0) is asymptotically stable when 0 < r < 1 and it is unstable when r > 1. . |λ i | < 1 (i = 1, 2) holds iff 1 < r < 3 and 0 < d < r r − 1 .
Below we focus on the positive fixed point (x * , y * ) = (
(r > 1). The Jacobian evaluated at the positive fixed point (x * , y * ) is given by
and the characteristic equation of the Jacobian matrix J * can be written as:
According to the Jury conditions [4] , in order to find the asymptotically stable region of (x * , y * ), we need to find the region that satisfies the following conditions: P * (1) > 0, P * (−1) > 0 and detJ * < 1.
, then from the relations P * (1) > 0, P * (−1) > 0 and detJ * < 1, we obtain
Therefore, we can summarize the above analysis in the following result.
Theorem 2.1. For the predator-prey system (2), the following statements are true: (1) (0, 0) is asymptotically stable if 0 < r < 1; (2) ( r−1 r , 0) is asymptotically stable if 1 < r < 3 and 0 < d < r r−1
) is asymptotically stable if and only if one of the following conditions holds:
(i) 1 < r ≤ 3 and
(ii) 3 < r < 9 and 3r 3+r
In this section we consider the predator-prey system (2) is subject to an Allee effect on prey population and analyze the following system:
where we take xn ε+xn as the Allee effect function and ε as the Allee constant satisfying the assumption 0 < ε <
. After a simple calculation, we have the system (2) has one extinction fixed point (0, 0), two exclusion fixed points (
, 0) and (
, 0), and one coexistence (positive) fixed point (x * ε , y *
). For the fixed point (0, 0), the corresponding characteristic equation is λ 2 = 0 and its roots are λ 1 = λ 2 = 0 that means (0, 0) is asymptotically stable.
For the exclusion fixed point (
, 0) for r > 1 and 0 < ε < . Linearizing the system (4) about (
, 0), we have the corresponding Jacobian Matrix as follows:
, and λ 1 > 1 for r > 1 and
. Hence, the fixed point (
, 0) is unstable.
For the exclusion fixed point ( . Linearizing the system (4) about (
, 0), we have the following coefficient matrix:
. |λ i | < 1 (i = 1, 2) holds if and only if
Under assumption 0 < ε <
, the predator-prey system (4) has unique positive fixed point (x * ε , y * ε ) = (
). It is clear that the point y * ε is smaller than y * , which implies predator density at the fixed positive is decreased due to Allee effect. The Jacobian evaluated at the positive fixed point (x * ε , y * ε ) is given by
and the characteristic equation of the Jacobian matrix J * ε can be written as:
Then we have
Consequently, P * ε (1) > 0 iff
Thus, we get the following result. ) is asymptotically stable if and only if all of the following conditions hold:
Remark 1. If we choose the Allee constant ε = 0, then system (4) reduces to system (2) immediately. However, when 0 < ε <
, we will see that the asymptotic stability of the fixed point (x * ε , y * ε ) is weaker than that of (x * , y * ) in numerical simulations (see Section 4). Furthermore, for some fixed parameters r, d and ε satisfying the conditions in Theorem 2.1, we will see that (x * , y * ) is asymptotically stable while (x * ε , y * ε ) is unstable in section 4.
Numerical simulations
In this section, we present the graphs of the solutions around the positive fixed point for the predator-prey systems with and without Allee effect (system (2) and (4), respectively) and show the impact of the Allee effect on the orbits of the solutions.
The phase portraits of systems (2) and (4) for d = 3.5 with initial value (0.2, 0.15) are disposed in Fig.1 , which clearly depicts the orbits of predator and prey densities. We take r = 1.8 in Fig.1(a) and (b) while r = 2.2 in Fig.1(c) and (d). Here (a) and (c) show the orbits of prey and predator densities in system (2), however, (b) and (d) correspond to system (4) that is subject to the Allee effect by taking the same parameters as in Fig.1(a) and (c). From Fig.1(a) and (b). we observe that when the prey population is subject to an Allee effect, the local stability of the fixed decreases and orbit of the solution approximates to the corresponding fixed point much slower. Furthermore, Fig.1(c) and (d) presents that the corresponding fixed points move from stability to instability under the Allee effect. (2) with r = 1.8 (resp. r = 2.2), however, the graph in (b) (resp. (d)) corresponds to system (4) when the prey population is subject to the Allee effect with r = 1.8 (resp. r = 2.2) and ε = 0.05. Fig.2(b) and (d) show the bifurcations of prey and predator densities of system (4), respectively, when the prey population is subject to the Allee effect; however, the other graphs correspond to the bifurcations in the predator-prey system (2). They show how the bifurcation diagrams are changed under the Allee effect. It can be seen from the graphs that the Allee effect has a destabilizing effect for this case.
Conclusions
Allee effect plays an important role on the stability analysis of fixed points of a population dynamics system. In this paper, we studied the destabilizing effect of Allee effect on prey population in a discrete-time predator-prey system. By numerical simulations, we have shown the impact of the Allee effect (on prey population) on the stability of the positive fixed point for system (2) . The fixed point could be changed from stable to unstable or otherwise, will take much longer time to reach the stable state when it is stable.
